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Observing ideal ‘‘self-similar’’ crack growth in experiments
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Abstract

We here report on a detailed experimental study whose goal is to investigate spontaneous crack propagation in bonded
and intact materials subjected to quasi-static far-field tensile loading. The cracks nucleate from a tiny circular hole and are
triggered by an exploding wire. They subsequently propagate under the action of a constant far-field load. Dynamic photo-
elasticity in conjunction with high speed photography is used to capture the real-time photoelastic fringe patterns (isochro-
matics) associated with crack propagation. Dynamic stress intensity factors of propagating cracks are determined and the
results are successfully compared with Broberg’s classical model of self-similar mode-I crack growth.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Theoretically solvable dynamic fracture problems can be mainly classified into two idealized categories
[1,2]. The first category is called ‘‘steady-state crack growth’’, in which the crack propagates at constant veloc-
ity and the mechanical fields are invariant with respect to an observer moving with the crack tip. Two-dimen-
sional Yoffe problem [3] belongs to this category, where a crack of fixed length propagates in a body subjected
to uniform far-field tensile loading. The second category of problems is called ‘‘self-similar crack growth’’ [2],
in which two crack tips move at constant velocity symmetrically from a zero initial length and mechanical
fields are invariant with respect to an observer moving steadily away from the crack nucleation point. The
original two-dimensional problem studied by Broberg [4] which will be referred to here as the ‘‘Broberg’s
problem’’ belongs to this category. Based on same assumptions of Broberg problem, Burridge and Willis
[5] investigated the self-similar problem of the expanding elliptical crack in an anisotropic solid. Willis [6] also
developed elastodynamic formulation of several self-similar mixed boundary-value problems. Recently,
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Broberg [7] reported that the observed slow terminal crack velocities of a mode-I crack can be understood
within the framework of the self-similar crack theory by invoking the similarity of the crack process zone size.

Experimental studies on dynamic crack propagation reported so far have used both stress wave loading to
initiate and grow a crack, and statically loaded specimen that dynamically growing cracks are allowed to grow
from a blunted notch [8]. Ravichandar and Knauss [9] studied a mode-I crack propagation problem using a
transient crack face loading configuration. Another example of this was discussed by Ravichandran and Clif-
ton [10], who studied mode-I crack propagation in a pre-cracked homogeneous material subjected to plane
wave loading. Using the same idea as Ravichandar and Knauss [9], Washabaugh and Knauss [11] investigated
the limiting crack speed of mode-I cracks propagating along an interfaces between weakly bonded plates.
Finally Rosakis and his co-workers [12–16] have studied crack propagation along bonded (coherent) interfaces
between similar or dissimilar materials using dynamic shear loading induced by projectile impact. For dissim-
ilar material systems, they found that the shear crack could propagate at a speed faster than the dilatational
wave speed of the slower wave speed constituent material often becoming ‘‘supersonic’’ with respect to one
side. For similar material systems, however the shear cracks propagating along interfaces could grow at a
speed faster than the shear wave speed of the material, and they often approached the longitudinal wave speed
for large enough loading [14]. Such cracks are called ‘‘supershear’’ cracks.

Beebe [17] tried to investigate self-similar crack growth by using central crack specimen geometry with far-
field tensile loading. There are two major limitations in this work: (a) There are singular stress fields around
the crack tips instead of uniform stress field that required by the Broberg’s problem; (b) No complete compar-
ison of experimental results with Broberg theory was made. Spontaneous crack propagation processes require
quasi-static pre-existing loading and crack growth from a zero initial length. There are a few important rea-
sons to motivate the experimental study of spontaneous crack growth for the case of mode-I loading condi-
tions as initially proposed by Broberg [1,4]. First of all, there are many practical examples involving
spontaneous fracture and catastrophic failure of civil and defense structures. Such examples involve defects
of initial sizes that are often negligible compared to a whole structure which is subjected to quasi-static tensile
loading. Secondly, most of the modern engineering materials such as fiber reinforced composites, graded and
bonded materials and structures, have interfaces which are either coherent (have intrinsic strength and tough-
ness) or incoherent (are either damaged or have frictional strength). Since interfaces are usually weaker than
the constituent materials, their spontaneous interface failure is the active failure mechanism in such solids [18].
Indeed any defects in such interfaces can ultimately serve as sites of catastrophic failure nucleation during the
service life of the structure.

Motivated by above issues, a novel experimental technique is designed and developed to induce spontane-
ous crack growth along interfaces separating bonded plates. In order to simulate spontaneous dynamic frac-
ture, an exploding wire technique is used to nucleate fracture from a very small hole in the specimen. Far-field
tensile loading is used to drive the subsequent dynamic crack propagation following crack nucleation.
Dynamic photoelasticity in conjunction with high-speed photography is used to capture real-time isochro-
matic fringe patterns associated with the entire event. These fringe patterns are analyzed to obtain crack
tip position and crack propagation velocities. A nonlinear least-square method is used to determine dynamic
mode-I stress intensity factor histories from the fringes. Since the experiments reveal constant crack tip veloc-
ities for each far-field level of stress, the spontaneous crack growth configuration studied also corresponds to
the ideal conditions of ‘‘self-similarity’’ described above. Consequently, the stress intensity factor histories are
used to compare with the classical, self-similar, crack growth model originally proposed by Broberg [4].

2. Experimental details

Two different birefringent materials, Homalite-100 and polycarbonate are used in this study. The material
properties are listed in Table 1. The wave speeds are measured using ultrasonics while the rest of the properties
are taken from the literature [19]. Since polycarbonate material is tough and it needs much higher loads to
nucleate and grow unstable cracks in intact polycarbonate sheets, Homalite-100 is used to study crack prop-
agation in intact plates. The dimensions of the specimen are 150 mm · 150 mm. For the intact Homalite-100
specimens, a small through thickness hole of 0.1 mm in diameter is drilled at the center of the specimen to hold
an exploding wire. The size of the exploding wire is slightly smaller than that of the hole. In case of bonded



Table 1
Optical and mechanical properties of photoelastic materials used in this study

Material Homalite-100 Polycarbonate

Young’s modulus E (MPa) 3860 2480
Poisson’s ratio m 0.35 0.38
Stress fringe value fr (kN/m) 23.6 7.0
Plane stress P wave speed CP (km/s) 2.104 1.724
S wave speed CS (km/s) 1.200 0.960
Density q (kg/m3) 1230 1192
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polycarbonate specimen, a small groove of 0.1 mm in width and depth is made on the bonding interface of one
of the two 150 mm · 75 mm sheet along the thickness direction. Then the two polycarbonate sheets are glued
together with a HARDMAN five minute epoxy adhesive with the exploding wire sitting in the groove.

Fig. 1(a) shows the experimental setup used in this study. It consists of laser light source, a set of circular
polarizer sheets, a high speed camera, and an explosion box. A collimated beam is used to illuminate the spec-
imen, which is sandwiched between two circular polarizer sheets. The explosion box provides the electric
energy to explode the wire, which is the critical part of the design of this spontaneous fracture problem.
The details of the explosion box were duly discussed in Refs. [20,21]. The electronic explosion results in an
expanding plasma wave. For the bonded specimen, this explosion creates a small crack along the interface
if the toughness of the adhesive is much weaker than that of the material. Under large enough static far-field
loading, this initial small crack is unstable and will propagate. For the intact material, the explosion creates
micro-cracks on the wall of the small hole in random radial directions. If the specimen is also subjected to far-
field tensile loading, only the micro-cracks perpendicular to the loading axis will propagate dynamically. Upon
Fig. 1. Experimental setup (a) with exploding wire circuit (b).
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sending the high electric energy to the exploding wire, the explosion box also sends a triggering signal to the
high speed camera. We used Cordin 200 ultra high speed camera in our study. The camera system, which is
digital, is able to capture the images at a framing rate of 100 million frames/s with exposure times as low as
10 ns. In this study, the high speed camera is operated at a much slower speed, around 0.2–0.4 million frames/
s. Fig. 1(b) shows the photograph of isochromatic fringe pattern generated by an explosion at an incoherent
interface between two plates. The existence of a dilatational wave front, a shear wave front and a head wave
can be clearly seen from the figure. The head wave intersects with the interface and is tangent to the shear wave
front.

3. Experimental results and discussion

A set of experiments is performed whose purpose is to observe spontaneous crack propagation at different
crack tip velocities. In order to achieve this, two specimen configurations are considered as described above.
For lower crack propagation velocities, intact Homalite-100 plates are used. For higher propagation veloci-
ties, weakly bonded polycarbonate plates are used. The magnitude of the far-field tensile stress is also varied
to obtain different velocity levels. Typical values of far-field stresses used range from 4 MPa to 10 MPa.

3.1. Isochromatics of propagating cracks

Typical isochromatic fringe patterns for two different cases (intact Homalite-100 and bonded polycarbon-
ate specimens) are shown in Fig. 2, and in all cases upon nucleation, the crack propagates symmetrically in
both directions from the center of the specimen. In order to simulate the theoretical assumption of crack
Fig. 2. Isochromatic fringes of propagating crack in (a) Homalite-100 intact material and (b) layered polycarbonate material at different
time instances. The black dot in the pictures is a 6.25 mm scale.
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growth in an infinite domain, the crack propagation process is recorded at times prior to the arrival of the
reflected waves from the specimen boundaries. Accurate crack tip positions for the propagating cracks can
be identified by the shadow spots corresponding to the traveling stress singularity. These are clearly visible
in the figure. In Fig. 2(a), the fringes are shown for a Homalite-100 specimen. The isochromatic fringes for
weakly bonded polycarbonate plates are shown in Fig. 2(b). It can be observed from Fig. 2 that the size
and number of isochromatic fringes increase as the crack length increases around both crack tips. These
fringes clearly correspond to textbook equi-bilateral mode-I crack propagation since they are perfectly sym-
metric with respect to both the crack line and the nucleation point.

3.2. Crack tip position and crack velocity

The crack tip positions associated with the propagating crack tips are obtained from extrapolating to the
center of the shadow spot surrounding each tip. The crack tip position as a function of the time for two cases,
intact Homalite-100 and bonded polycarbonate plates is shown in Fig. 3(a) and (b), respectively. It can be seen
from these figures that the crack tip velocities are constant within the error of the measurement. The propa-
gation velocity for Homalite-100 specimen in Fig. 3(a) is approximately 395 m/s, for both crack tips, while the
propagation velocity for bonded specimen in Fig. 3(b) is �650 m/s. It is important to mention here that the
crack tips accelerate almost instantaneously to a constant velocity upon nucleation of the dynamic fracture
event. As a consequence, our experiments satisfy one of the basic requirements (assumptions) for ‘‘self-simi-
lar’’ crack growth. The other requirement has already been met because the dynamic cracks are nucleated
from a very small hole, which is essentially infinitesimal in size as compared to any length scale of the plate
specimen.

3.3. Dynamic stress intensity factors

Asymptotic crack tip stress fields for steady-state crack propagation [22] combined with the stress optic law
as given below in Eq. (1) define the isochromatics at a given point around the crack tip as follows:
Fig. 3
smax ¼
r1 � r2

2
¼ Nf r

2h
ð1Þ
In the above equation, smax is the maximum shear stress, r1 and r2 are maximum and minimum principal
stresses respectively, N is the fringe order, fr is material fringe constant, and h is thickness of the specimen.
The fringe orders of selected set of points (between 75 and 100 points) are obtained from one inch diameter
region around the crack tip. The dynamic mode-I stress intensity factor, Kd

I , values are determined from these
points using eight terms in the asymptotic expansion and a non-linear least-squares method in conjunction
with the Newton–Raphson technique [19]. In order to have a confidence over extracted dynamic mode-I stress
intensity factor values, the determined coefficients of eight terms are used in regenerating synthetic isochro-
matic contours and it is identified that the fringe orders of chosen data points matched well with regenerated
. Crack tip position as a function of time in (a) Homalite-100 intact material and in (b) weakly bonded polycarbonate material.



Fig. 4. Dynamic stress intensity factor history of propagating crack in (a) intact Homalite-100 and in (b) weakly bonded polycarbonate
sheets. The solids lines are fittings using Eq. (4) as discussed in Section 4.2.
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contours. The variation of dynamic stress intensity factor as a function of crack tip position for the right-hand
crack tip for the two cases discussed in the previous section (3.2) is shown in Fig. 4. Fig. 4(a) shows the var-
iation of Kd

I as function of half crack length (l) for the Homalite-100 specimen. The variation of Kd
I for the

weakly bonded polycarbonate plates is shown in Fig. 4(b). It can be seen from both figures that the experi-
mentally measured Kd

I varies as l1/2.

4. Comparison of experimental results with Broberg’s problem

4.1. Broberg’s theoretical results

Broberg [4] solved a self-similar crack propagation problem which is very closely approximated by our
experimental setup as described above. The time history of the dynamic stress intensity factor Kd

I ðt; vÞ is related
with the following expression:
Kd
I ðt; vÞ
KI0

¼ � Iðb=hÞRðhÞ
b2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � a2
p ¼ c ð2Þ
where KI0 ¼ r1
ffiffiffiffiffiffiffiffiffiffi
pl=2

p
, r1 is the far-field loading, v is the crack velocity, a is the inverse of dilatational wave

speed CP, b is the inverse of shear wave speed CS, h is the inverse of the crack speed v, and
RðnÞ ¼ ðb2 � 2n2Þ2 þ 4n2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � n2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � n2

p
is the Rayleigh function. The function I(b/h) can be expressed as:
Iðb=hÞ ¼ b2

h

Z 1

0

RðigÞ
ðh2 þ g2Þ3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ g2

p dg

,
ð3Þ
For given crack velocity, the right-hand side of Eq. (2) is a constant c, which can be evaluated using Eq. (3).
The values of c ¼ Kd

I ðt; vÞ=KI0 as a function of velocity for both Homalite-100 and polycarbonate materials are
shown as solid lines in Fig. 5. The theoretical curves for both materials fall on top of each other because they
depend on the Poisson’s ratio of the materials and their difference is very small.

4.2. Experimental determination of c and the comparison with the Broberg’s model

By using the expression KI0 ¼ r1
ffiffiffiffiffiffiffiffiffiffi
pl=2

p
, Eq. (2) now reduces to
KIðt; vÞ ¼ cr1ð
ffiffiffiffiffiffiffiffi
p=2

p
Þl1=2 ¼ c1l1=2 ð4Þ
where c1 ¼ cr1
ffiffiffiffiffiffiffiffi
p=2

p
. The new constant c1 can be estimated by fitting the experimentally obtained Kd

I versus
half crack length (l) record to the square root of half crack length (l) as shown in Fig. 4. Then by using the
relation c1 ¼ cr1

ffiffiffiffiffiffiffiffi
p=2

p
, the ratio c ¼ Kd

I ðt; vÞ=KI0 can also be estimated from the experiments. Two experi-
ments of intact Homalite-100 plates and three experiments featuring bonded polycarbonate plates are



Fig. 5. Comparison of experiment with the Broberg theory.

Table 2
List of parameters of the experiments

Test # 1 2 3 4 5

Sample type Bonded Bonded Bonded Intact Intact
r1 (MPa) 8.8 8.0 4.5 9.9 7.5
V (m/s) 754 706 650 410 390
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conducted to obtain dynamic stress intensity factor histories as functions of crack length. The experimentally
determined values of c for all these five experiments are plotted along with Broberg’s model in Fig. 5. The
results indicate that there exists a considerable amount of agreement between the experimental results and
Broberg’s model. However, there is a slight difference between the theory and the experimental results in
the case of intact Homalite-100 specimens. The reason for this difference may be attributed to the fact that
the apparent far-field load applied to propagate the central (horizontal) crack is less than the applied far-field
load. As mentioned previously in Section 2, there exist several radial micro-cracks surrounding the explosion
location at the center of the specimen created by the explosion. The applied far-field load might have been
reduced due to the additional release waves from the crack faces of these micro-cracks around the explosion
hole, which also propagate a very small distance around the explosion area while the central crack is growing.
This discrepancy might be diminished if we have a better way to initiate the crack. Parameters of all five experi-
ments given in Fig. 5 are listed in Table 2.

5. Conclusions

An experiment setup has been designed to induce ‘‘spontaneous’’ mode-I fracture propagation. The crack
velocities are found to be constant within each experiment. However the magnitude of these velocities varies
with the level of far-field loading. The experimental configuration and the naturally resulting constant veloc-
ities correspond to the ideal case of ‘‘self-similar’’ crack growth. Indeed, the experiments approximate closely
the two most important requirements for assuring ‘‘self-similar’’ crack growth as assumed by Broberg in his
classical model. These are the initiation (nucleation) of crack growth from a zero crack length and its growth
under a constant velocity. The experimental records of photoelastic fringes are analyzed to determine the
dynamic stress intensity factor values of crack propagation. These results are successfully compared with
the theoretical predictions by Broberg. It can be concluded from this study that self-similarity of spontaneous
crack growth as assumed by Broberg is a surprisingly accurate representation of physical reality.
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